The aim of this paper is to define Albanese 1-motives and Picard 1-motives of schemes over a perfect field. For smooth proper schemes, these are the classical Albanese and Picard varieties. For a curve over an algebraically closed field, these are the homological 1-motive of Lichtenbaum and the motivic H 1 of Deligne. This paper settles a conjecture of Deligne about providing an algebraic description, via 1-motives, of the first homology and cohomology groups of a complex algebraic variety. It also contains a purely algebraic proof that the Albanese and the Picard 1-motives of a scheme are dual. For a curve C over an algebraically closed field, the 1-motive
Introduction
One of the most profound contributions of Alexandre Grothendieck to mathematics is the concept of motives. Even though Grothendieck himself wrote very little on this subject, the philosophy of motives shaped and directed all his research.
The prototype of motives are abelian varieties; one thinks of them as motives of level one. One aspect of the vision of Grothendieck, namely that motives (= pure motives) are attached to smooth projective varieties, is itself inspired by the theory of the Picard and Albanese varieties of smooth projective varieties. The latter theory can be viewed as a purely algebraic definition of the first cohomology and homology groups of smooth projective varieties. One thinks of the Picard and Albanese varieties as the cohomology and homology motives of level one of smooth projective varieties. For example, the classical observation (due to Weil) that the Albanese and Picard varieties of any smooth projective variety over a field are dual abelian varieties can be viewed as a special case of a universal coefficient formula. The amazingly potent nature of a motive is already evident from the rich theory of smooth projective curves and their Jacobians. Weil's result that the Jacobian variety admits an algebraic description was basic to his proof of the Riemann hypothesis for curves over finite fields. The Abel-Jacobi theorem indicates the Janus nature of the Jacobian.
Grothendieck, naturally, did not restrict himself to smooth and projective varieties. His vision was that mixed motives are attached to arbitrary varieties. Since Poincaré duality does not hold in this generality, one must differentiate between cohomology mixed motives and homology mixed motives. One-motives, introduced by Deligne in 1972, are the prototypes of mixed motives. One believes that the properties of 1-motives are true for mixed motives in general.
Namely, it is supposed that • there exists an increasing weight filtration W on mixed motives • W is strict for morphisms of mixed motives i.e. if M f − → N is a morphism of mixed motives, then f (W i (M )) = f (M ) ∩ W i (N )
• the graded pieces of the weight filtration are (pure) motives.
Deligne admits that he was convinced of the validity of the philosophy of mixed Hodge structures when he saw that 1-motives over C are a special case of mixed Hodge structures [D4] .
Deligne showed that the mixed Hodge structure on H 1 (C)(1) for a complex curve admits a purely algebraic description. He defined the motivic H 1 of a curve and obtained, via the realization functors, the ℓ-adic cohomology, De Rham cohomology etc., of the curve from its motivic H 1 . He conjectured that certain parts of the cohomology of complex algebraic schemes are amenable to an algebraic description via 1-motives.
S. Lichtenbaum [L1] showed that a 1-motive appears, rather naturally, in the Suslin complex of a curve. This led him to define the homological 1-motive of a curve. The 1-motive arising in the Suslin complex of a smooth curve is readily seen to be related to the generalized Jacobians, introduced and studied by M. Rosenlicht [Ro1, Ro2] . One is led to wonder if there are generalized Albanese varieties associated with smooth varieties and if so, whether they are related to the homological mixed motives of smooth varieties. One quickly finds out that a definition of "generalized Albanese varieties" for arbitrary varieties exists due to J.-P. Serre [Se2] , predating the very notion of a mixed motive. The starting point of this work was the observation that these generalized Albanese varieties of Serre describe part of the homological mixed motives of smooth varieties. The consideration of semiabelian varieties goes back to Weil [W] , Severi in connection with differential forms of the third kind.
While it is clear that to anyone who reads [Se2, Se3] that they are examples of mixed motives, I have not seen this ever mentioned explicitly in the literature. So we cast some relevant results from (loc.cit) in the language of 1-motives.
In this paper, I define the Albanese and Picard 1-motives of a scheme over a perfect field. These generalize the Albanese and Picard varieties of smooth projective varieties. One can view them as providing a purely algebraic definition of the first homology and cohomology groups of algebraic schemes over perfect fields. For a curve over an algebraically closed field, these are the 1-motives defined by Lichtenbaum and Deligne. I show that the Albanese and Picard 1-motives are dual, a type of universal coefficient formula.
There is a curious interplay between these invariants. The construction of the "generalized Albanese varieties" of smooth varieties is based on the theory of the Picard scheme of a smooth compactification. But it is the universal property of the former that demonstrates its independence of the compactification. All this is extended to the simplicial situation, inspired by the ideas of Deligne to construct mixed Hodge structures. In effect, all we have done here is to show that part of that work can be done in a purely algebraic manner.
A remarkable feature of the Albanese variety is that it transforms open dense inclusions into fibrations.
These new invariants of schemes are homotopy invariant. I study the various realization functors of these 1-motives and show that the Picard 1-motive of a scheme X yields the De Rham cohomology group H 1 dR (X), the ℓ-adic cohomology, and, specifically, the mixed Hodge structure H 1 (X)(1) (if X is a complex algebraic scheme). This settles a conjecture of Deligne.
One feature of the approach presented here to the Albanese scheme is via universal mappings into locally algebraic groups, a formulation that is equivalent to the one via torsors; however it helps us establish a link with the "algebraic singular homology" groups of any scheme over an algebraically closed field (defined by Suslin-Voevodsky [SV] ). Other than the work of Lichtenbaum mentioned above, this is the first known link between the Suslin complex and 1-motives, enabling a connection between the Suslin complex to various realization functors. Suslin-Voevodsky's results focus exclusively on the ℓ-adic realizations. The new approach owes its existence to a suggestion of Serre [Se4] ; it was in response to an erroneous definition in [R0] . It also leads to a definition of higher homological 1-motives of schemes, the topic of [R2] .
It follows from the duality theorem that the Albanese 1-motive yields the mixed Hodge structure on H 1 (X) (if X is a complex algebraic scheme). Since the only version of De Rham homology that I am aware of is the Borel-Moore version (e.g. Hartshorne), I could not relate the Albanese 1-motive to De Rham homology. However, one can interpret some results as yielding a type of De Rham homology (the non Borel-Moore version).
Since there are no Lefschetz theorems available for arbitrary schemes (over a perfect field), the results obtained here about the motivic H 1 and H 1 are perhaps of some interest. I should remark that the crystalline aspects of the Albanese and Picard 1-motives have not been touched. The crystalline realizations would presumably be useful in removing the ambiguity in the definition of the new invariants (in characteristic p, they are defined only up to p-power isogeny).
A regretful absence is that of the comparison isomorphisms between the various realizations, in the spirit of the approach to mixed motives of U. Jannsen and P. Deligne [D4, M] .
Another issue is that of the presence, or absence, of unipotent group schemes. In the definition of the Albanese scheme, allowing morphisms to unipotent groups causes the inexistence of the universal morphism. However, restricting the morphisms to semiabelian schemes, one obtains the homotopy invariance of the Albanese scheme. In the Picard 1-motive as well, we take only the maximal semiabelian quotient of the connected (reduced) Picard scheme. Since these constructions are compatible with base change only over perfect fields, we restrict our attention to perfect fields. Not to mention that doubts have been expressed about the sufficiency of 1-motives for the description of the motivic H 1 over imperfect fields [G2] . Is it true that the (connected reduced) Picard scheme of a seminormal scheme is a semiabelian scheme? Note also the fact that the Picard functor is homotopy invariant on the category of seminormal schemes. Are the new invariants of a scheme and its seminormalization the same? Note the absence of Cartier duality for arbitrary commutative group schemes generalizing that of abelian schemes and tori.
I should mention that generalized Albanese varieties have been studied by H. Onsiper [Ön] and by G. Faltings and G. Wüstholz [FW] . A definition of Albanese 1-motive is due to L. Barbieri-Viale, C. Pedrini and C. Weibel [BPW] but their definition is not really related to mine. Theirs is contravariant and mine is covariant. Furthermore, they deal with singular projective surfaces and derive the 1-motive from H 3 .
Other issues that we have not touched are: the weight filtration of Soulé-Gillet [SG] on the integral cohomology of complex algebraic varieties (even on torsion), the analogs of these invariants in Borel-Moore homology, compact cohomology [L2] , intersection homology Acknowledgements. It is a pleasure for me to thank Steve Lichtenbaum for much encouragement and for many enlightening conversations. The results presented here would not have been possible without his guidance; that they appear in published form is due to his insistence. This paper is a revised version of my Ph.D thesis [R1] at Brown University in 1996. The tremendous intellectual debt that this work owes to Serre and Deligne should be evident. I am grateful to the mathematics department at Brown for their warm hospitality. I would also like to thank the Alfred P. Sloan foundation for support in the form of a doctoral dissertation fellowship during the year 1995-96. This research was partly supported by an NSF grant Notations S = Spec k, the spectrum of a perfect field k. p = the characteristic of k S = Speck, the spectrum of an algebraic closurek of k. g = Gal(k/k), the Galois group ofk over k.
We consider only separated schemes over S. Schemes are supposed to be noe-therian, locally of finite type unless otherwise mentioned. We useX to denote thē S-scheme X × SS defined by the S-scheme X.
We useX to denote the normalization of the scheme X.
We use X red to denote the maximal open and closed (reduced) subscheme of X. w(X):= the set of connected components ofX × SS = the set of irreducible components ofX. A variety is a scheme V over S such thatV is a integral scheme.
We use S and k interchangeably: we say k-points of a scheme to mean its points with values in S.
The group schemes we consider are commutative. The neutral component of a group scheme denotes the connected component of the identity. For any commutative group scheme G and any positive positive integer r, coprime to p, we denote by r G the group scheme corresponding to Ker(G r − → G), i.e., the r-torsion subgroup scheme of G.
A semiabelian scheme is a commutative group scheme which is an extension of an abelian scheme by a torus.
Z is the locally algebraic group scheme defined by Z(S) = Z with trivial g action. G ′ := the category of group schemes over S.
G := the category of locally algebraic semiabelian schemes over S.
D := the abelian category of sheaves (of abelian groups) on S F L . S F L := the (big) flat site of S [Mi] .
Properties of a simplicial scheme X • are properties that hold for each X i : X • is proper if each X i is proper over S, same for smooth, normal, reduced, etc.
Let W be a set. We put Z [W ] be the free abelian group generated by the set W . We define the abelian group Z W to be the group of integer valued functions on W i.e. Z W := M aps (W, Z) . For a finite set W , the groups Z(W ) and Z W are naturally dual as abelian groups.
For any finitely generated abelian group G, we put G tor to denote the torsion subgroup of G. We denote by G/tor the maximal torsion-free quotient of G.
MHS:= the abelian category of mixed Hodge structures. We use H Z to denote the underlying Z-lattice of the mixed Hodge structure H. The Tate Hodge structure Z(1) corresponds to the lattice 2πiZ ⊂ C; the Hodge structure Z(n) (for n > 0) is defined to be Z(1) ⊗n , for n < 0, we define Z(n) to be the Hodge structure dual to Z(−n) i.e we have Z(n) = Hom MHS (Z(−n), Z). The Tate Hodge structure Z(n) is of weight −2n of type (−n, −n). For any mixed Hodge structure H, the Tate twist H(n) denotes H ⊗ Z(n). For any scheme V over C, we use H * (V ) to indicate the mixed Hodge structure H * (V (C); Z). Similar convention for homology applies as well. Given a sheaf F on V , we write H i (V ; F ) for H i (V (C); F ).
§1 Review
Here I collect a few results and facts which are necessary for the paper. a) Deligne's conjecture Let X be a complex algebraic scheme. Deligne [D1] proved that there are natural mixed Hodge structures (MHS) on the following groups: singular cohomology H * (X), singular cohomology with compact support H * c (X), singular homology H * (X), and Borel-Moore homology H BM * (X). These mixed Hodge structures are functorial for morphisms. Briefly, one has four functors H * , H * c , H * , H BM * from the category of complex algebraic schemes to the category MHS of mixed Hodge structures.
Definition 1.1 A 1-motive over S consists of (a) a locally algebraic group scheme X over S which, locally in theétale topology on S, is the constant group scheme defined by a finitely generated free Z-module; an abelian scheme A over S and a torus T over S;
We often denote a 1-motive as M = (X u − → G); it is useful to regard a 1-motive as a complex of commutative group schemes concentrated in degrees 0 and −1. One should remark that a 1-motive over S is what Deligne ([D1 III], §10.1.10, p. 59) calls a "lisse" (= smooth) 1-motive.
Morphisms of 1-motives are the obvious ones. With this, one sees that 1-motives form an additive category, which we denote M S .
A morphism from [X 1 − → G 1 ] to [X 2 − → G 2 ] is said to be an isogeny if (a) the map X 1 − → X 2 has finite kernel and cokernel and (b) the map G 1 − → G 2 is surjective with finite kernel.
There are various realization functors of 1-motives defined by Deligne. We shall use T with a subscript to denote the various realization functors of 1-motives: T dR for the De Rham realization, T ℓ for the ℓ-adic realization. Cartier duality for 1-motives is compatible with these realization functors: this is the content of §10.2 of [D1 III]. The constructions of the realizations, duality in (loc. cit) extend with no modification to the case of a perfect field, our setting.
We shall also briefly encounter τ -motives which are an extension of 1-motives by allowing X to contain torsion and G to be unconnected. The realization functors for these are straightforward extensions of those for 1-motives.
The following results due to Deligne ([D1 III] §10.1) show that (a) 1-motives over C embed as a fully faithful subcategory of mixed Hodge structures and (b) a precise description of the image.
Definition 1.2 The category MH 1
pol is the full subcategory of MHS consisting of torsion-free mixed Hodge structures of the type
There is an equivalence of categories M → T(M ) between the category M C of 1-motives over C and the category MH 1 pol . In addition, there are natural isomorphisms in M = (X, A, T, G, u) :
These are isomorphisms of Hodge structures.
For any mixed Hodge structure H with h pq = 0 for p or q < 0. Denote by I(H) the 1-motive corresponding to the largest sub-MHS of (H Z /tor)(1) of type as in (1-1).
Conjecture 1.4 (Deligne) For any complex algebraic variety X of dimension ≤ N , the 1-motives I(H n (X)) (for n ≤ N ) admit a purely algebraic definition. The morphisms
should also admit a purely algebraic description.
We prove the conjecture I(H 1 (X)) in 3.3.12. A homological analog, easy to formulate, will turn out to be a consequence of the duality theorem.
b) simplicial schemes, hypercoverings, cohomology
Given a sheaf F • on a simplicial scheme X • , there is a spectral sequence
where α * F is the sheaf on X • defined by F . c) Resolution of singularities (de Jong) Definition 1.5 A special scheme is an open subscheme of a smooth projective scheme.
By definition, a special scheme is quasiprojective and smooth. Over an algebraically closed field of characteristic zero, any smooth scheme is special (Hironaka). In fact, in this case, any smooth scheme may be realized as the open subscheme of a smooth projective scheme with complement a (reduced) closed divisor with normal crossings.
We say that a simplicial scheme X • is special if there is a smooth projective simplicial scheme X • such that X • is an open simplicial subscheme of X • .
For (co)homological purposes, any (reduced) algebraic scheme may be replaced by a special simplicial scheme; the analogy is that of a projective resolution of a module. For this, one uses the following spectacular result of A.J. de Jong [dJ] : Theorem 1.6 (de Jong) Let Y be a reduced scheme. There exists a diagram
where the smooth simplicial scheme X • is the open complement of a (reduced) simplicial divisor with normal crossings E • in a smooth projective simplicial scheme
We call such a hypercovering special. Any two special proper hypercoverings are dominated by a common special proper hypercovering, any morphism f between two schemes Y and Z can dominated by a morphism f • : X • − → V • between special proper hypercoverings of Y and Z.
§2 Albanese Schemes and 1-motives
Following a succinct suggestion of J.-P. Serre [Se4] , I describe a new approach to Albanese varieties. The Albanese scheme of a scheme X is defined via morphisms of X into large group schemes (see 2.2.3 for a precise definition). The main result is the existence of the Albanese scheme of any algebraic scheme. By means of simplicial schemes, this furnishes the Albanese 1-motive M 1 (X) of an algebraic scheme X. We shall see that, for X a complex algebraic scheme, the 1-motive M 1 (X) corresponds to the mixed Hodge structure H 1 (X)/tor (4.1.6).
The results presented in this section are all due (in spirit) to, or were at least inspired by, Serre.
My interest in the Albanese scheme stems from its role in the algebraic description of the first homology of a scheme. For a variety over a perfect field, one has to modify the "classical" definition by bringing in principal homogeneous spaces (=torsors) under semiabelian varieties: torsors because the variety might not have a rational point, and semiabelian varieties because the variety might not be proper. Associated with a principal homogeneous space P under an algebraic group B is a locally algebraic group B P whose neutral component is B; this group B P can be interpreted as an extension of Z by B (2.1.2). These locally algebraic groups allow one to extend the definition of the Albanese scheme to any algebraic scheme. However, this Albanese scheme does not provide an algebraic description of the first homology for an arbitrary algebraic scheme (2.4.12); it does so for special schemes (2.4) and for normal proper schemes. I do not know the precise description of the class of schemes for which it does provide an algebraic description. 2.1 Locally algebraic group schemes. Definition 2.1.1 A locally algebraic group scheme is a group scheme locally of finite type over S.
A (group) scheme of finite type will sometimes be called an algebraic (group) scheme.
Let G be a locally algebraic group scheme. The neutral component G 0 of G is an irreducible open and closed (algebraic) subgroup scheme of G. The formation of the neutral component is well behaved under field extensions: if k ′ is a field containing k and S ′ = Speck ′ , then the neutral component of
A locally algebraic group scheme G such that G 0 = S is said to be discrete or of dimension zero; it is anétale scheme. Such a group G is determined (up to isomorphism) by the discrete g-module G(S). This follows from the equivalence of categories between small discrete g-modules andétale group schemes over S ( [DG] , Prop 1.7, p. 285). For such groups, we sometimes identify G with G(S). The group Z, with trivial g-action, corresponds to the constant group scheme Z over S.
Given two locally algebraic group schemes G and H, with H of dimension zero, specifying a S-morphism f : H − → G is equivalent to specifying a g-equivariant homomorphism fk :
There is a discrete locally algebraic group π 0 (G) associated with a locally alge-braic group scheme G, a scheme-theoretic analog of the group of connected components; it is the universal object for homomorphisms from G to discrete locally algebraic group schemes. One has an exact sequence of locally algebraic group schemes:
where q G is a homomorphism of group schemes. Any homomorphism h from G to a discrete locally algebraic group scheme H factors uniquely as
Let B be a commutative group scheme (algebraic) over S. Given two B-torsors P 1 and P 2 (torsor = principal homogeneous space), the B-torsor obtained by Baer summation is denoted P 1 ∨ B P 2 . Fix a B-torsor P . For any automorphism φ of B (as a group scheme), we can construct a B-torsor P φ from P by twisting the action via the automorphism φ. In other words, if ψ : B × P → P is the morphism defining the action of B on P , we get a new torsor P φ by defining the action to be the composition φ × id P : B × P → B × P ψ − → P . Note that the underlying Sschemes of the torsors P φ and P are isomorphic. If i : B → B is the automorphism corresponding to the inverse map (i.e. the map which sends every element to its inverse), we obtain a B-torsor P i , which we prefer to call P −1 . Construction 2.1.2 With each B-torsor P , one can associate a locally algebraic group B P : for n positive, let P ⊗n denote the B-torsor P ∨ B · · · ∨ B P (n terms). For n negative, let P ⊗n denote the B-torsor P −1 ∨ B · · · ∨ B P −1 (n terms). Let P ⊗0 be the trivial torsor B. We define B P to be the locally algebraic scheme B P := n∈Z P ⊗n ;
(2-2) it is equipped with a canonical surjective morphism a P to Z. The natural morphisms P ⊗n × S P ⊗m − → P ⊗n ∨ B P ⊗m := P ⊗(m+n) (2-3) endow B P with the structure of a commutative group scheme; consider the automorphism i : Z − → Z corresponding to negation on the integers. The first projection from the scheme B P × Z Z (corresponds to the fiber product via i) to B P induces an isomorphism of schemes. This map is the inverse map for the group structure on the scheme B P . The group scheme B P is an extension of the constant group scheme Z by the group scheme B. Any scheme T defines a sheaf of sets on S F L which we denote by T , defined by T (X) = S-morphisms from X to T for any X ∈ S F L . There is a natural inclusion of P ֒→ B P of sheaves of sets on S F L ; in fact, P is the subsheaf of B P corresponding to the inverse image under a P of the section 1 ∈ Z.
The construction of B P is a geometric realization of the cohomology class [P ] of P defined in H 1 (S F L ; B), where B is the sheaf on S F L defined by the group scheme B; under the natural map Ext 1 G (Z, B) − → H 1 (S F L ; B), the isomorphism class of the extension B P corresponds to [P ] .
A semiabelian scheme is an algebraic group scheme which is an extension of an abelian scheme by a torus; it is geometrically connected. We call a locally algebraic group scheme G semiabelian if G 0 is a semiabelian scheme. A semiabelian locally algebraic group scheme is smooth and geometrically reduced. If B is a semiabelian scheme and P is a torsor under B, then the group scheme B P is a semiabelian locally algebraic group scheme.
Definition 2.1.3 A large group is a semiabelian locally algebraic group scheme.
We denote by D the abelian category of sheaves (of abelian groups) on the (big) flat site S F L of S. The category G of large groups embeds as a full subcategory (denoted G) of D. The sheaf on S F L corresponding to a large group G is still denoted by G.
Morphisms to large group schemes.
For any set W , let Z[W ] be the free abelian group generated by the set W .
Every scheme X over S defines a sheaf X of sets on the site S F L : for any scheme T , we have X (T ) = X(T ), the T -valued points of the scheme X. Define P X to be the presheaf of abelian groups on S F L by T → Z[X(T )].
Definition 2.2.1 Z X is the sheaf on S F L associated with the presheaf P X .
The association X → Z X determines a covariant functor from the category of schemes over S to D.
If we forget the group structure on Z X , i.e., we consider it as a sheaf of sets, then we have a canonical inclusion j of X in Z X . The sheaf Z X has the following universal property: Given any abelian sheaf F on S F L and a map g : X → F of sheaves of sets, there is a unique homomorphism of abelian sheavesg : Z X → F which extends g i.e.gj = g.
Let X be a reduced algebraic scheme over S. Since k is perfect, this is equivalent toX being reduced.
A natural question is whether the sheaf Z X is representable (necessarily by a commutative group scheme). Let W be the disjoint union of X and V . Since Z X (W ) = Z X (X) ⊗ Z Z X (V ) instead of the direct sum, one sees that it cannot be representable in any reasonable topology! One can ask for the largest representable quotient i.e. if there is a locally algebraic group associated with X which is universal for homomorphisms from Z X to locally algebraic group schemes (viewed as sheaves on S F L ). One can show, basically because of the existence of global functions on affine schemes, that such an object would not exist in general. The problem of existence of universal objects can also be formulated for morphisms to any subcategory C of the category of locally algebraic group schemes which is closed under extensions and isogenies. An isogeny of locally algebraic group schemes is a surjective morphism with finite kernel. However the problem on non-existence of universal objects persists if C contains the additive group G a (cf. [Se2] , Théorème 8, p.14). Thus, one is naturally led to study morphisms from X to large groups i.e. morphisms from X to large groups. As a dividend, one gets the homotopy invariance of the Albanese scheme (2.3.6). We begin by morphisms from X to discrete large groups.
It is well known that there is anétale algebraic S-scheme π 0 (X) and a Smorphism q X : X → π 0 (X) which is universal for morphisms from X intoétale S-schemes ( [DG] , Prop 6.5, p.154). We call π 0 (X) the S-scheme of connected components of X. For a group scheme G, π 0 (G) has a natural structure of a group scheme such that q G is a homomorphism of group schemes (2-1).
Consider the sheaf Z π 0 (X) on S F L defined by the scheme π 0 (X); as above,q X denotes the induced homomorphism from Z X → Z π 0 (X) .
Lemma 2.2.2
(a) The sheaf Z π 0 (X) , together withq X , is universal for morphisms from Z X to discrete group schemes.
(b) The sheaf Z π 0 (X) is represented by a discrete large group D X . Proof. The first statement follows from the universal property of π 0 (X). Consider the free abelian group P X generated by theS-points of theétale scheme π 0 (X); endowed with the discrete topology, it is a discrete small group on which g acts continuously. By definition, we have P X = Z π 0 (X) (S) . The second statement follows from the equivalence of categories between small discrete g-modules and etale group schemes over S ( [DG] , Prop 1.7, p. 285).
If a scheme X is a variety, then D X is isomorphic to Z.
We define the sheaf Z 0 X to be the kernel of q X ; it sits in the exact sequence
The Albanese sheaf of X is the universal object for morphisms from Z X to objects in the subcategory G (i.e. sheaves corresponding to large groups).
We say that X admits a universal morphism if the Albanese scheme exists. Grant, for the moment, the existence of the Albanese sheaf of X. The sheaf A X comes equipped with a surjective homomorphism u X : Z X − → A X . Let A X be the large group corresponding to the sheaf A X . The morphism X ֒→ Z X − → A X of sheafs of sets on S F L corresponds, by Yoneda, to a morphism u X : X − → A X of schemes.
We call A X the Albanese scheme of X and u X is the universal morphism associated with X. The pair (A X , u X ) is uniquely determined (up to unique isomorphism). An easy consequence of 1.2.2 is a canonical isomorphism
(2-5)
We extend the definition of the Albanese scheme to any algebraic scheme Y by defining A Y to be A Y red , where Y red is the maximal open and closed reduced subscheme of Y . The assignment X → A X determines a covariant functor A from the category of (reduced) algebraic schemes over S to large groups over S.
A special case is that of a reduced scheme W finite over S e.g. a finite group scheme. For such schemes, we have a canonical isomorphism
(2-6)
Lemma 2.2.4 The functor A enjoys the following properties: (i) (base change) Let S ′ be the spectrum of k ′ , a finite field extension of k. For any scheme X over S, let X ′ denote the S ′ -scheme obtained by base change from S to S ′ . Then we have A X × S S ′ = A X ′ .
(ii) Let X := Y V be the disjoint union of schemes Y and V . One has
.
Proof. The first claim is a consequence of the universal property of A X . Statement (ii) follows from the observation that Z X is naturally identified with the sheaf Z Y ⊕ Z V . As for (iii), notice that Z X is the tensor product of the sheaves Z Y and Z V . Assertion (iv) is clear.
Remark 2.2.5 Let B be a semiabelian scheme. Then A B = B× S Z. To see this, recall that for any V ∈ S F L , P B (V ) is the free abelian group generated by the set B(V ). In other words, any element α of P B (V ) can be written as a finite formal sum Σn j β j for a unique choice of nonzero integers n j and elements β j of B(V ). Since B(V ) comes endowed with the structure of a commutative group, one can form the "internal" sum, denoted s(α); for example, s(2β) is the element of B(V ) that one obtains by adding β ∈ B(V ) to itself. Define a map from P B (V ) − → B(V ) × Z by Σn j β j → (s(α), Σn j ). This induces a map u B : Z B − → B × Z; one easily verifies that this satisfies the universal property.
Albanese schemes (à la Serre): old and new.
We now focus on the proof of the existence of the Albanese scheme of any algebraic scheme.
If k ′ is a field containing k and contained ink (the given algebraic closure of k), we write S ′ for Spec k ′ . The spectrum ofk is denotedS. Given any scheme V over
Let B be a semiabelian scheme over S. Let P be a B-torsor. A morphism X f − → P is said to be of type U if the following conditions are satisfied:
(1) Given a S ′ as above, a torsor Q under a semiabelian scheme C (both are schemes over S ′ ) and a S ′ -morphism g : X ′ → Q, then g factorizes uniquely as
(2) There exists a unique homomorphism b : B ′ → C of semiabelian schemes over S ′ such that the map h in (1) is a S ′ -morphism of torsors, i.e., the following diagram commutes.
We refer to Serre [Se2, Théorème 7] for the proof of the Theorem 2.3.1 (J.-P. Serre) Every variety admits a morphism of type U.
Remark 2.3.2 Let V − → P (where P is a torsor for the semiabelian scheme B) be a morphism of type U. The semiabelian scheme B is the " generalized Albanese variety" of Serre of the variety V . In (loc. cit), Serre works over an algebraically closed field. But standard methods of descent (as exemplified in [Se1] , V, pp 102-107 for the particular case of generalized Jacobians of Rosenlicht) imply the theorem as stated above. The arguments of [Se2] suffice to show that every connected algebraic scheme admits a morphism of type U. Let T (resp. R) be a torsor under a group scheme G (resp. under H). Consider the group schemes G T and H R together with the canonical surjective homomorphisms a T :
Specifying a morphism h of torsors between T and R is equivalent to specifying a homomorphism of group schemesh : G T − → H R such that a Rh = a T (i.e.h induces the identity on the quotient Z).
The notion of a universal morphism (as described here) and the notion of a morphism of type U are closely connected to each other, as shown by the next proposition.
Let V be a connected scheme. Let f : V − → P be of type U. Consider the natural inclusion of P in B P . The map f induces a mapf :
where the fiber product is taken via the maps a P :
The main difference between B ′′ and B P lies in their group of connected components: while that of B P is Z, that of B ′′ is D V , as is needed for the universal property.
It suffices to show that the map d factorizes via (B ′′ , f ′′ ). Let H denote the sheaf of abelian groups on S F L corresponding to the group scheme H. The composed
The scheme Q has the structure of a torsor under C such that the pair of inclusion morphisms Q ֒→ H and C ֒→ H is a morphism of torsors. In other words, there is a (injective) morphism of group schemes k : C Q − → H. Now we use the fact that f is a morphism of type U for the scheme V . By condition (2) of the definition of a morphism of type U, we get a homomorphism b : B − → C and a morphism of torsors h : P − → Q such that d 1 = hf . As remarked earlier, this is equivalent to specifying a homomorphismh : B P − → C Q compatible with the augmentation to Z. We have shown that d can be factorized as khf . But as we sawf can be factorized via f ′′ . This demonstrates the universal property of the pair (B ′′ , f ′′ ).
Corollary 2.3.4 Let A V be the Albanese scheme of a connected scheme V , as above. The neutral component of A V is the " generalized Albanese variety" of Serre of V (2.3.2). If V is geometrically connected (e.g. a variety), then π 0 (A V ) ∼ − → Z. Any semiabelian scheme B is connected; a torsor P under B is also connected. Therefore, one can apply the above proposition to a torsor P under a semiabelian scheme B. The natural inclusion of P j − → B P induces a homomorphismj :
Corollary 2.3.5 The large group B P , together with the mapj, is the Albanese scheme of P .
Let V f − → P be a morphism of type X from a variety V to a torsor P under a semiabelian scheme B. Combining the above results, we deduce that the induced map f * : A V − → A P between the Albanese schemes of V and P is an isomorphism.
As usual, A n denotes n-dimensional affine space over S.
Proof. Observe that A A n = Z: there are no nonconstant morphisms from A n to semiabelian varieties.
To recapitulate, we have arrived at the Theorem 2.3.7 Let X be a reduced algebraic scheme over S. There exists a large group A X together with a map u X : Z X − → A X which is universal for homomorphisms from Z X to large groups.
Proof. We saw that the Albanese scheme exists for connected schemes. The existence of the Albanese scheme for any algebraic scheme follows from 2.2.4 (ii).
Proof. For (i), we may assume that X is connected. Now use 2.3.4 and note that the " generalized Albanese variety" of Serre of a proper connected scheme is proper. For (ii), notice that to show that sujectivity of the map A X − → A X follows from the surjectivity of the maps D X − → D X and A 0 X − → A 0 X . The first is clear from the fact that X is dense and open in X. The second follows from the corresponding property for the "generalized Albanese varieties" of Serre ([Se2], p.5) applied to each connected component of X.
Example 2.3.9 A curve is a scheme of pure dimension one over S. Let X be a normal integral curve. There is a unique normal curve X ′ containing X as an open subscheme; let R be the closed complement of X in X ′ . The semiabelian variety A 0 X is the generalized Jacobian of Rosenlicht[Ro] of X ′ corresponding to the modulus R (4.2.5 and [Se3] p. 4).
Remark 2.3.10 The universal map from Z X − → A X defines, in a natural way, an equivalence relation, which we shall call "albanese equivalence" on zero-cycles on X: two zero-cycles on X are albanese equivalent if their difference lies in the kernel of the universal morphism. Is there an alternative description of this equivalence relation? In the case of normal curves, Rosenlicht's work provides such an interpretation. For smooth proper surfaces of zero geometric genus, Bloch's conjecture provides an interpretation : albanese equivalence coincides with rational equivalence. Furthermore, this coincidence is expected to hold for any smooth proper scheme over a countable field. Notice that albanese equivalence is not always coarser than rational equivalence, as one might expect from the case of smooth proper schemes. On normal curves, by Rosenlicht, albanese equivalence can be strictly finer than rational equivalence! This motivates a new equivalence on zerocycles (2.3.17).
Here is a connection with the "algebraic singular homology" of an algebraic scheme X. These have been defined by Suslin and Voevodsky [SV] . The earlier definitions of homology (e.g.étale homology of Bloch-Ogus, Laumon) correspond to the Borel-Moore version of "singular homology".
We need a bit of notation to describe this homology. Let ∆ n denote the algebraic n-simplex: it is the closed subscheme of A n+1 given by the equation t 0 +...+t n = 1. One has face and degeneracy maps
which endow ∆ • with the structure of a cosimplicial scheme. Let W be a scheme over S. Denote by Sus n (W ) the free abelian group generated by closed irreducible reduced subschemes Z of W ×∆ n such that the projection Z − → ∆ n is finite and surjective. Each component of (δ i ) −1 (Z) is finite and surjective over ∆ n−1 so that the usual cycle-theoretic inverse image (δ i ) * (Z) is well defined and lies in Sus n−1 (W ) . Thus one gets face operators
(2-10)
Defining similarly, one gets degeneracy operators 
We leave the formulation of ℓ-adic homology to the reader. All these homology groups are covariant functors of W .
One of the beautiful results due to Suslin-Voevodsky [SV] about these groups is the following: Theorem 2.3.13 (Suslin-Voevodsky) Let W be a reduced complex algebraic scheme. Denote by W (C) the topological space underlying the scheme W . There is a functorial isomorphism
where the right hand side denotes the usual singular homology groups of W with Z/nZ-coefficients.
Note that Sus 0 (W ) is the free abelian group generated by the geometric points of W i.e. it is the group Z W (S) . Therefore, there is a natural surjective g-equivariant homomorphism, denoted u W , from Sus 0 (W ) to A W (S) .
Recall the following theorem due to, independently, Lichtenbaum [L] and to Suslin-Voevodsky [SV] :
Theorem 2.3.14 Let C be a smooth curve. Then (i) There is a commutative diagram of g-equivariant maps:
(2-13)
We shall extend (i) to any scheme X:
(2-14)
Proof. The basic idea of the proof is to reduce to the case of smooth curves. We may assume, without loss of generality, that k is algebraically closed; as the reader will observe, the argument is manifestly g-equivariant. Assume that X is irreducible and reduced. Suppose that the dimension of X is one. If X is normal, there is nothing to prove because of the previous result. So let us suppose that X is not normal and let us consider π :X − → X the projection from the normalization of X. One has a commutative diagram:
where the vertical maps are surjective. Keep in mind that AX (S) π * −→ A X (S) is surjective. Since each of the invariants of X in question are quotients of those of X, it follows that the map from Z X (S) − → A X (S) factorizes via H 0 (Sus * (X)).
If X is of dimension greater than one, we need to modify the argument. Given a geometric point x of X, we can find a curve C ⊂ X containing the point x. The curve C naturally depends upon the point x. Let W be the set of all curves C contained in X. Consider the following diagram;
We ask if there is a map denoted "?" which makes the diagram commutative.
The top horizontal map is the natural homomorphism from the direct sum of ZC (S) over all C ∈ W to Z X (S); by our initial remark this map is surjective. The middle horizontal map is induced by the covariant functoriality of the "algebraic singular homology"; it is also surjective by the surjective nature of the maps u and u X . The above theorem 2.3.14 applied to the normalizationC of each curve C in W shows that the map v is an isomorphism. This easily provides the existence of the map ? which factorizes the natural surjection of Z X (S) to A X (S).
Remark 2.3.16 One does not expect 2.3.14 (ii) to be true in general in higher dimensions. Let X be a projective variety of pure dimension d over an algebraically closed field of characteristic zero. Suslin ([S] , 4.4) has shown that H sing * (X) are naturally isomorphic to the higher Chow groups Ch d (X, * ) defined by Bloch. Therefore, one has that H sing 0 (X) = CH d (X, 0) = CH d (X), the last being the usual Chow group of zerocycles on X modulo rational equivalence. Roitman's theorem is equivalent to the isomorphism H et 1 (X; Z/ nZ ) ∼ − → n A X (S) (for any positive integer n), X a smooth projective scheme over a field of characteristic zero Given any integral curve C, let us denote byĈ the normal complete curve containing the normalizationC of C as an open dense subscheme. Let P C denote the complement ofC inĈ. As usual, k(C) * denotes the group of nonzero rational functions of C. All these curves are birational i.e. their function fields are the same. Take k R (C) * to be the subgroup of k(C) * consisiting of the nonzero rational functions f onĈ which are identically 1 on P C . Let X be an algebraic scheme. We shall define an equivalence relation on zerocycles of X, which we shall call "Rosenlicht equivalence". The "Rosenlicht kernel" is generated by zerocycles of the form Z 1 − Z 2 , where Z 1 and Z 2 are "Rosenlicht equivalent". Definition 2.3.17 The geometric points of the "Rosenlicht kernel" R X , a subsheaf of Z X , are generated by differences Z 1 − Z 2 of zerocycles Z 1 and Z 2 where (i) there is a curve C contained in X such that Z 1 and Z 2 are images under the inclusion C ֒→ X of zerocycles Y 1 and Y 2 on C.
(
Combining 2.3.9 with the above proof, we see that the "Suslin equivalence" i.e., the equivalence generated by the kernel of Z X (S) − → H 0 (Sus * (X)), contains the "Rosenlicht kernel" R X (S). I do not know if they are actually equal; "Rosenlicht equivalence" is rational equivalence for proper schemes, so they coincide for projective schemes over a field of characteristic zero. In any case, we have Proposition 2.3.18 The Rosenlicht kernel is contained in the albanese kernel
( 2-17) A final remark on the Albanese schemes is the following: Let X be a variety. For any two nonempty open subschemes V and W with V ⊂ W , we have a surjective map of large groups A V − → A W with kernel a connected torus. Therefore, one may form the "pro-large group"
This is a "large group" variant of the protorsor under a proalgebraic group that Serre constructs in ([Se1] V §3, p.91), a variant independent of base points. This is a birational invariant of normal proper varieties. Over a finite field, one may write this as an extension of the sheaf Z by the proalgebraic group considered by Serre since algebraic varieties have finitely many points over a finite field. I do not know whether this holds over other fields i.e. do the the obstructions (lim 1 etc.,) vanish? 2.4 Special schemes Let X be the open complement of a divisor E in a smooth and projective scheme X ′ . The inclusion of X in X ′ is notated j : X ֒→ X ′ . Since any smooth scheme is a disjoint union of its irreducible components (= connected components, in this case), we may and do assume that X is irreducible, i.e., X is a smooth variety. Let d be the dimension of X.
Let w(E) denote the set of geometric points of π 0 (Ẽ) i.e. w(E) is the set of connected components ofẼ × SS or, what is the same, the set of irreducible components ofĒ. Given a set W , one defines the abelian group Z W to be the group of integer valued functions on W i.e. Z W := M aps (W, Z) . For a finite set W , the groups Z(W ) and Z W are naturally dual as abelian groups.
Theétale group scheme Z E is defined by its geometric points:
this provides a a morphism :
(2-21)
Let B X denote the kernel of the morphism b; its group of geometric points is denoted I. Under the natural duality between Z w(E) and Z(w(E)), the group I is dual to the subgroup of divisors of X ′ × SS , supported on E × SS , which are algebraically equivalent to zero. Therefore, both these groups are of the same rank.
The abelian scheme A 0 X ′ is the "classical" Albanese variety of X ′ . It is the maximal abelian quotient of the semiabelian scheme A 0 X (the "generalized Albanese variety" of Serre [Se3] ). The kernel of A 0 X − → A 0 X ′ is a torus T . I recall the construction of A 0 X , via the Picard scheme of X ′ , due to Serre in (loc. cit). LetẼ denote the normalization of E; note that a normal connected scheme is irreducible.
Denote by v the natural map from B to the neutral component P ic 0,red
The Cartier dual of this 1-motive is
Here is an immediate consequence.
The dimension of the torus T is the rank of the abelian group I.
One also infers from 2.4.1 that both the 1-motives (2-21) and (2-22) are independent of the compactification X ′ of X.
Given a smooth proper scheme (suppose it is connected) such as X ′ with a morphism u :
Using this, one interprets the map v as specifying certain G m -torsors on A 0 X ′ (and on L ′ ). The group scheme G is the geometric scheme corresponding to the total space of the T -bundle over A 0 X ′ . Likewise, one can form L over L ′ . Using u, one may pull this back to X ′ to get a T -bundle over X ′ with the property: given any element b ∈ Hom(T, G m ) ∼ = B X , the G m -torsor over X ′ obtained via b corresponds to the line bundle defined by b, viewed as a Cartier divisor on X ′ . Observe the trivial fact that X is disjoint from the support (contained in E) of all the elements of B X (S) viewed as Cartier divisors on X ′ . Therefore, given any b as above, the G m -torsor defined by b has a canonical trivialization over X: one has a rational section of the G m -torsor whose divisor is exactly b, and this is unique up to an element of H 0 (X ′ ; O * X ′ ). This section can be used for the trivialization over X. Further, this can be done in an uniform manner to derive a morphism X − → L, which is unique up to translations by elements of T . Serre [Se3] shows that this morphism is of type U . This extends, by universality of the sheaf Z X , to a morphism Z X − → G L where G L is the large group scheme defined by the G-torsor L. One deduces that this last morphism is the universal morphism for X. Thus the morphism from Z 0 X − → G (2-4) is determined by the canonical trivialization of the torus bundle over X defined by the group B X of divisors of X ′ .
With these definitions, 2.4.1 implies the result:
Theorem 2.4.4 The Albanese 1-motive M 1 (X) and Picard 1-motive M 1 (X) of a special scheme X are dual.
The Albanese and Picard 1-motives of special schemes are insensitive to changes in codimension greater than one. Let Y be an open subscheme of X whose complement in X has codimension greater than one.
Proof. Observe that B X and B Y are all the same.
Let me justify the above definitions by establishing some links to (co)homology in its various incarnations. We begin with the ℓ-adic realization, for it is slightly tricky. One thorny issue is the presence of torsion in N S(X ′ ). Even for a smooth projective scheme such as X ′ , the presence of Néron-Severi torsion means that the isomorphism H 1 (X ′ ; µ n ) ∼ = n P ic 0 (X ′ ) (2-27) cannot be expected to hold for any integer n coprime to p. Thus even in the smooth projective case, abelian varieties do not suffice to yield a complete description of the first cohomology group; however, they fail only up to finite torsion. If one uses the (algebraic) group scheme P ic τ X ′ whose geometric points are an extension of torsion in N S(X ′ ) by P ic 0 (X ′ ), then one gets the result that
as g-modules. The other issue is the presence of torsion in coker(b). This can happen even when N S(X ′ ) is torsion-free. By Lang-Néron, the Néron-Severi group ofX ′ is finitely generated. As a result, coker(b) is finitely generated as well.
In our situation, if coker(b) is torsion-free, then the Picard 1-motive of X suffices to describe the g-module H 1 (X; µ n ) for any n coprime to p. If coker(b) has torsion, we need to modify our 1-motive by a finite group scheme for the result to hold.
We have an exact sequence of complexes and a quasi-isomorphism
( 2-29) An argument as in that of 10.3.6 in [D III], p. 70. shows that there is a g-equivariant isomorphism
If we assume that coker(b) is torsion-free, then, as in (loc.cit), we get a g-equivariant isomorphism
In any case, this isomorphism is true for any n is coprime to the order of the finite group coker(b) tor . Take τ b to be the subgroup scheme of Coker(b) (thought of as a scheme) corresponding to the finite g-module Coker(b) tor . We may assume it to be reduced, as we are only interested in prime-to-p torsion. Using the natural inclusion of com-
, and the quasi-isomorphism in 2-29, we can pull back the exact sequence to get what we shall call the Picard τ -motive M τ (X) of X. Viewed as a complex of group schemes, it is an extension of the complex [0− > τ b ] by the Picard 1-motive of X (also thought of as a complex). We write [M τ (X)(S)] to denote the complex of g-modules obtained by taking the geometric points of M τ (X).
With the Picard τ -motive in hand, we may state the result:
Theorem 2.4.6 Let X be a special scheme. There is a natural isomorphism
The reader is invited to formulate the ℓ-adic variant.
We now attend to the De Rham realizations. For the remainder of §2.4, we assume that k has characteristic zero. We may suppose that X is connected. Recall the universal maps
where L (resp. L ′ ) are the torsors under A 0 X (resp. A 0 X ′ ) factoring u X (resp. u X ′ ). Denote by Ω 1 X ′ (logE) the sheaf of one-forms on X ′ which are regular on X and are allowed only logarithmic poles on E. The group (vector space over k) of global sections H 0 (X ′ ; Ω 1 X ′ (logE)) consists of the classical differential forms of the third kind (regular on X); there is a natural inclusion H 0 (X ′ ; Ω 1 X ′ (logE)) ֒→ H 0 (X; Ω 1 X ). Let ω A X denote the invariant one-forms on A X . One may identify it with the cotangent space at the identity element of A X , thereby rendering it dual to the Lie algebra LieA X = LieA 0 X . Therefore ω A 0
Alternatively, and perhaps more correctly, one should think of it as the global one-forms on L invariant under the natural action of A 0 X . Lemma 2.4.7 (J.-P. Serre) With the notations as above, one has, by pullback via u X , an isomorphism of ω A X with H 0 (X ′ ; Ω 1 X ′ (logE)) (both regarded as subspaces of H 0 (X; Ω 1 X )). Proof. See [Se3] Recall that the De Rham cohomology groups H * dR (V ) of any smooth scheme V are, by definition, the hypercohomology groups of the De Rham complex of V :
(2-34)
Theorem 2.4.8 (de Rham realization) Let X be as above. There is a functorial isomorphism σ :
between the De Rham realization of the Picard 1-motive of X and the first De Rham cohomology of X.
Proof. The De Rham cohomology groups of X are naturally isomorphic to the hypercohomology groups of the "logarithmic De Rham complex" on X ′ :
This implies that H 1 dR (X) can be decomposed as follows [FW] : 
(2-39)
The 1-motive [0− > G] is, by definition, dual to M ; by 2.4.1, we may identify G as A 0 X . Thus the exact sequence 2-39 may be identified with:
Considering the dual exact sequence, and using (LieG) * = ω G (the dual k vector space is indicated by * ), we get the commutative diagram
By definition, M ♮ is the push out in the diagram:
(2-42)
Deligne defines T dR (M ) to be LieM ♮ . Using the diagram on the Lie algebras induced by (2-42), we obtain that T dR (M ) is the push out of the inclusions
Combining this with 2.4.7 and the commutative diagram (2-38), we obtain a map T dR (M ) − → H 1 dR (X) by the universal nature of the former, a map easily seen to be an isomorphism by the above discussion.
Reformulation 2.4.9 Let us cast 2.4.8 in a different form.
The De Rham cohomology of tori, such as T , are known. In particular, one has
Putting this in the Leray spectral sequence for De Rham cohomology for j * in (2-33) yields an exact sequence:
Using 2-43, the map d 2 is seen to be the Chern class map extended by scalars from Z to k. Therefore the image of d 2 is contained in the Néron-Severi k-vector space
The Chern class map can be realized as the composition of v (2-21) with the inverse of the classical isomorphism:
a map that is zero by definition of B X . Therefore d 2 is the zero map and we have an exact sequence
This sequence can be interpreted as saying that H 1 dR (A 0 X ) is the push out in the following diagram:
This provides an interpretation of T dR ([0− > A 0 X ]) as the vector space (over k) dual to H 1 dR (A 0 X ). In other words, T dR is the De Rham homology functor H dR 1 on the category of semiabelian schemes.
Suppose given a 1-motive M of the form [N − > A] where A is an abelian scheme. The De Rham realization is compatible with duality of 1-motives. The dual of M , denoted M * is of the form [0− > G ′ ] where G ′ is an extension of A * (the dual abelian scheme of A) by a torus. Therefore, one concludes that
For any connected group scheme G ′ and a torsor P , there is a natural isomorphism H * dR (G ′ ) ∼ = H * dR (P ): a priori it is true if P has a rational point (which it does after a finite extension of k). However if two k-vector spaces are isomorphic after a finite extension of k then, by elementary Galois theory, they are already isomorphic over k. Since G is connected, the resulting isomorphism on De Rham cohomology does not depend on the auxiliary rational point.
The diagram (2-33) yields by contravariant functoriality of De Rham cohomology a diagram
For X ′ , the theorem is a classical one:
Since H 1 dR (L) is the push out of H 1 dR (L ′ ) via the inclusion ω A X ′ ֒→ ω A X , we find by combining 2.4.7 with the description of H 1 dR (X) in (2-48), that
( 2-52) Let us specialize to the case of k = C (for the remainder of 2.4). We keep the above notations.
Since we are over an algebraically closed field, there is no difference between a group scheme and torsors under it. Given any u : X − → L, a morphism of type U, we assume that L is A 0 X . We use, as above, d to indicate the dimension of X. Consider the long exact sequence in cohomology for the pair (X ′ , E):
The image of α is the dual MHS of the kernel of (H 0 (E)(−1) β − → H 2 (X ′ )) where β sends an element of H 0 (E)(−1) to its Poincaré dual, an element of H 2 (X ′ ). The group H 0 (E) is the free abelian group Z w(E) i.e. the group dual to Z(w(E)). The map b in (2-19) induces a map on the geometric points and there is a natural inclusion of D P ic X ′ (C) in H 2 (X ′ ), via the exponential sequence. The composed map is the map β. The kernel of β corresponds, under the duality of Z w(E) and Z(w(E)), to the subgroup of divisors of X ′ , supported on E, which are homologically equivalent to zero. For divisors, homological equivalence coincides with algebraic equivalence. Hence we find that Kerβ = I. If I * = Hom Z (I, Z), then Im α ∼ = Hom Z (I(−1), Z) = I * (1); both are MHS of type (−1, −1). So we get
Theorem 2.4.11 (Hodge realization) (i) The map
of mixed Hodge structures.
Proof. Recall from ([Se1] Chap. VI, §14, Prop. 13, p.128) that u * is surjective; I remark that a map of type U is maximal (in the sense of loc. cit). Consider the following commutative diagram:
All the vertical maps are maps of MHS because they are induced by morphisms. One may view A 0 X as a fibration over A 0 X ′ with fiber T ; the π 1 's are all abelian. Since the groups are all uniformizable by C m , the long exact sequence of homotopy groups is a short exact sequence involving just the first homotopy group. Applying the isomorphism π 1 (W ) ab ∼ = H 1 (W ; Z) (for W a manifold), we obtain the exactness of the bottom horizontal sequence. It is a classical result that u ′ * : H 1 (X ′ )/tor → H 1 (A 0 X ′ ) is an isomorphism. By the snake lemma, I * (1) → H 1 (T ) is surjective. But the rank of H 1 (T ) is the same as the dimension of T which equals the rank of I , as remarked earlier. Since they both have the same rank, this map is an isomorphism. Thus, we obtain that the map u * : H 1 (X)/tor → H 1 (A 0 X ) is a isomorphism of MHS. The mixed Hodge structure T(M 1 (X)) is the mixed Hodge structure H 1 (A 0 X ), as one sees by examining the definition of T in [D1 III], 10.1.3 p. 54. We turn to (ii). The universal coefficient theorem says that the groups H 1 (X; Z)/tor and H 1 (X; Z) are naturally dual. So H 1 (X)(1) and H 1 (X)/tor are dual as elements of MH 1 pol . Since duality of 1-motives is compatible with duality in MH 1 pol ([D1 III], §10.2), the result follows from the first part.
Remark 2.4.12 One cannot expect this result to be true for an arbitrary complex algebraic scheme (thereby justifying the entrance of 1-motives in this context) because of the theory of weights: the weights in the H 1 of a semiabelian scheme are -2 and -1, whereas the weights that can and do occur in the H 1 of an arbitrary scheme are -2, -1 and 0. A rational curve with nodes provides an easy example. The above result is also true for normal and proper schemes but I do not know if it is true for any normal scheme; for any normal scheme V over C, the group H 1 (V ) is a MHS of the type {(−1, −1), (−1, 0), (0, −1)} ([D2], 8.3). All the same, the map u * in (2-55) is surjective for any complex algebraic scheme X.
The Albanese 1-motive.
In this section, I generalize the Albanese scheme using 1-motives. This does not distinguish between an algebraic scheme and its reduced counterpart, we may and do assume that we deal with reduced schemes.
Let Y be a reduced scheme. By de Jong, there exists a diagram
where the smooth simplicial scheme X • is the open complement of a reduced simplicial divisor with normal crossings E • in a smooth projective simplicial scheme X • such that, via α, X • is a proper hypercovering of Y . We put A i to be the Albanese scheme A X i of the special scheme X i . We put D i to be the group scheme of connected components of X i i.e. D i = D X i = D A i . By virtue of the simplicial structure of X • , the large groups A i assemble to form a large simplicial group, theétale groups D i form anétale simplicial group D • , and the semiabelian schemes A 0 i combine to form a semiabelian simplicial scheme. One has an exact sequence of simplicial group schemes: in the sense that, for each i, the corresponding sequence of group schemes is exact. There is a natural functor from the category of simplicial group schemes to the category of (homological) complexes of group schemes: one replaces the simplicial maps by the differentials (fabricated in the usual manner: e.g. if d 0 and d 1 are the maps from A 1 to A 0 , then the differential d from A 1 to A 0 is d 0 − d 1 ). By means of this functor, the sequence 2-59 can be interpreted as an exact sequence of complexes of locally algebraic group schemes (concentrated in nonnegative degrees). This leads to a long exact sequence of homology groups in the usual fashion. To be precise, if C • is such a complex, taking H i (C • ) to be the homology at C i in
one has a long exact sequence arising from the sequence 2-?:
If C • is a complex concentrated in nonnegative degrees, then H 0 (C • ) is just the cokernel of C 1 d − → C 0 . Observe that each H i (D • ) corresponds to anétale group scheme, denoted N ′ i . Let N i denote the closed subgroup scheme of N ′ i corresponding to the torsionfree subgroup of N ′ i (S) under the equivalence in [DG] , Prop 1.7, p.285. Also, note that the neutral component, denoted G i , of the (algebraic) group scheme
We are now in a position to define the higher homological 1-motives of X • .
It is clear from the construction of these 1-motives that they are covariant functors of special smooth simplicial schemes.
At this point, I've not yet shown that the 1-motive M 1 (Y ) is independent of the choice of the smooth hypercovering X • . We shall see this in 4.1 as a consequence of the duality theorem. The higher 1-motives of X • are the main objects of study in [R2] . There is a natural surjection G 0
The composition of ∂ 1 with α * is the zero map. Defining H 0 to be quotient group of G 0 by the Zariski closure of the image of ∂ 1 in G 0 , we get a surjective map H 0 − → A 0 Y . Is this an isomorphism? Remark 2.5.2 Given a special scheme X, one can take the constant simplicial scheme X • (each X i = X). The natural map X • − → X is a smooth proper hypercovering. We have M 1 (X • ) = M 1 (X) where the second term is the definition in 2.4.3. So we get nothing new for constant special simplicial schemes, as one expects. This is also true for the higher homological 1-motives. §3 Picard 1-motives In this section, I associate 1-motives with simplicial algebraic schemes, which play the role of a motivic H 1 . This provides a purely algebraic description of the mixed Hodge structure H 1 of complex algebraic schemes, thereby settling a conjecture of Deligne ([D1] III, §10.4.1, p. 75). Our approach, based on resolution of singularities, is largely influenced by Deligne (loc. cit, §10.3).
Recall the classical theorem of Oort and Murre that the Picard functor of a proper scheme is representable. I show how this provides an algebraic description of the mixed H 1 of a proper scheme; this argument works for a proper simplicial scheme as well. The results of §2 enable the definition of the motivic H 1 of a smooth scheme. A general reference for this section is [BLR] .
The Picard scheme of proper schemes.
Let V f − → S be a proper scheme of finite type.
We define R 1 f * O * V on S F L to be the sheaf associated with the presheaf T → H 1 (V × S T ; O * V × S T ). By a theorem of J. Murre and F. Oort ( [BLR] , §8.2, Theorem 3, p. 211), the sheaf R 1 f * O * V is representable by a locally algebraic group scheme P ic V . One refers to P ic V as the Picard scheme of V . One obtains that
For any positive integer r with (r, p) = 1, one has the Kummer sequence ofétale sheaves onV :
an isomorphism of g-modules. This yields an isomorphism R 1 f * (µ r ) ∼ = r P ic V of sheaves on S F L .
Variants 3.1.1 (1) Let ℓ be a prime different from p. For any commutative group scheme B, one denotes by T ℓ (B) the ℓ-adic Tate module of B. Then there is a canonical g-equivariant isomorphism of Z l -modules
(2) Assume that the characteristic of k is zero. Denote by [BLR] , p.231. It is well known that P ic 0 V is an abelian scheme for a proper and geometrically normal scheme V [G1] . Applying T dR to the 1-motive [0 − > P ic 0 V ], we get the classical Corollary 3.1.2 (de Rham realization) Let V be a smooth proper scheme over a field k of characteristic zero. There is a canonical isomorphism
(3-5)
(3) Assume that k = C and that V is reduced. By G.A.G.A., the natural maps
are isomorphisms. From the long exact sequence in cohomology applied to the exponential sequence on V :
one deduces H 1 (V (C); Z(1)) 
It is now clear that the theory of the Picard functor provides a purely algebraic description of the first cohomology group for proper schemes.
The Picard scheme of proper simplicial schemes.
Let Z • be a simplicial scheme. The absolute Picard group P ic(Z
This is the group of invertible sheaves on Z • . We sometimes use the notation O * to indicate the sheaf of units of a simplicial scheme (specified by the context).
By the definition of cohomology in the simplicial setting ([D1 III], pp. 12-14, esp. 5.2.3 and 5.2.7, [Gi] , Ex. 1.1, p.7), elements of the group P ic(Z • ) correspond to isomorphism classes of pairs (L, α) where (1) L is an invertible sheaf on Z 0 such that δ * 0 L is isomorphic to δ * 1 L; (2) α is an isomorphism δ * 0 L ∼ − → δ * 1 L on Z 1 satisfying a cocycle condition on Z 2 , i.e., the following diagram is commutative:
The maps δ 0 , δ 1 : Z 1 − → Z 0 and δ 0 , δ 1 , δ 2 : Z 2 − → Z 1 form part of the simplicial structure of the scheme Z • ([D1] III, 5.3.6, pp. 15-16). We write the cocycle condition (3-10) as δ * 2 (α)δ * 0 (α) = δ * 1 (α).
(3-11)
Let V • be a proper reduced simplicial scheme. The structure morphism of V n − → S is denoted by f n and the structure map V • − → S is denoted by f . For any scheme T over S, we get a simplicial scheme V • × S T . By Deligne (op. cit., 5.2.3.2, p. 13) , there is a spectral sequence
We define R 1 f * O * to be the sheaf on S F L associated with the presheaf E 1 :
The first result that one has about this sheaf is the Proof. We define R i f n * O * n to be the sheaf on S F L associated with the presheaf:
The sheaves R 0 f n * O * n are representable by tori. By the classical theorem of Murre and Oort ( [BLR] , §8.2, Theorem 3, p. 211), the sheaves R 1 f n * O * n are representable by locally algebraic group schemes.
The spectral sequence (3-21) gives rise to an exact sequence (natural in T ):
( 3-17) and
Let E 1,0 (resp. E 2,0 ) be the presheaf defined by T → E 1,0 2,T (resp. T → E 2,0 2,T ). Similarly, E 0,1 is the presheaf defined by T → E 0,1 2,T . Let E 1,0 (resp. E 2,0 , E 0,1 ) be the sheaf associated with the presheaf E 1,0 (resp. E 2,0 , E 0,1 ).
One has an exact sequence of presheaves on S F L :
This defines the exact sequence of the associated sheaves:
We prove the representability of each of these sheaves:
-The sheaf E 1,0 is the homology of the complex of sheaves:
Each of the sheaves in the above complex is representable by a torus. Therefore the sheaf E 1,0 is representable by an affine group scheme C ′ whose neutral component C is a torus.
-The same argument demonstrates the representability of the sheaf E 2,0 by an affine group scheme W with W 0 a torus.
. Since each of these sheaves is representable by locally algebraic group schemes, we find that the sheaf E 0,1 is also representable by a locally algebraic group scheme, denoted K.
-The homomorphism d 2 in (3-20) corresponds to a morphism of locally algebraic group schemes
The kernel of d is a locally algebraic group scheme Q representing the sheaf Ker(d 2 ).
The sheaf R 1 f * O * is a C ′ × S Q-torsor (a sheaf torsor) on the scheme Q. Since the group scheme C ′ × S Q is affine over the scheme Q, we can apply Theorem 4.3 of ( [Mi] , III, p. 121) to conclude that the sheaf R 1 f * O * is representable (necessarily by a locally algebraic group scheme).
We see that P ic V • is an extension of Q by the affine group scheme C ′ .
is a semiabelian scheme. In particular, when k has characteristic zero, P ic 0 V • is a semiabelian scheme. Proof. The sheaf R 1 f 0 * O * 0 is representable by a locally algebraic group G such that G red is an abelian locally algebraic scheme [G1] , Theorem 2.1, p. 11. In other words, the neutral component of K red (3-22) is an abelian scheme. Recall that every morphism from an abelian variety to an affine group scheme is constant; in particular, a homomorphism must necessarily be the zero map. Therefore, the neutral component of K red must be in the kernel of the morphism d. In other words, the inclusion of Q 0 in K 0 induces an equality Q 0,red = K 0,red .
(3-23)
We obtain that P ic 0,red V • is a semiabelian scheme. The last statement follows from Cartier's theorem: algebraic group schemes over a field of characteristic zero are reduced.
In particular, the above corollary applies to a smooth proper simplicial scheme.
Definition 3.2.3 Let V • be as in 3.2.2. We define the Picard 1-motive
Fix a proper simplicial scheme Z • endowed with theétale topology. LetZ • denote Z • × SS . Let n be a positive integer coprime to p. One has the Kummer exact sequence ofétale sheaves onZ • :
The long exact sequence in cohomology yields the g-equivariant isomorphism:
This provides an isomorphism R 1 f * µ n ∼ − → n P ic Z • of group schemes over S.
Put N S(Z • ) := π 0 (P ic Z • ). Assume that Z • is smooth and N S(Z • )(S) is torsionfree. Then there is a natural isomorphism
( 3-27) If N S(Z • )(S) has torsion, we take P ic τ Z • to be the (reduced) subgroup scheme of P ic Z • which is an extension of N S(Z • ) tor by P ic 0,red Z • .
Proposition 3.2.4 (étale realization) (i) Let f : V • − → S be a proper smooth simplicial scheme. For any positive integer n coprime to p, we have a natural isomorphism Proof. (i) is clear. As for (ii), we observe that, for any prime ℓ different from p, the ℓ-adic Tate module of both group schemes yield the ℓ-adic H 1 (Y )(1), compatible with the map α * . Therefore, the neutral component of the kernel can only be unipotent. The same argument also shows that the map α * is surjective on the level of connected components.
Proposition 3.2.5 Let V • be a proper reduced simplicial scheme. Assume that the characteristic of k is zero. One has the following natural isomorphisms:
The isomorphisms in (2) is a natural consequence of G.A.G.A. (3-6) applied to the spectral sequence E p,q 1,S (3-12). Assertion (0) follows from 3.2.1. The proof of (1) follows the proof of Theorem 1, §8.4 on p. 231 in [BLR] . Using (3-7), one sees that, in the exact sequence (induced by the exponential sequence on V • ):
the map ∂ is injective. The reason is the surjectivity of exp : C − → C * . By parts (1) and (2), this proves (3).
Corollary 3.2.6 (Hodge realization) Let V • be a proper smooth simplicial scheme over C. There is a functorial isomorphism
Proof. Use (3) of 3.2.5.
Corollary 3.2.7 (de Rham realization) Let f : V • − → S be a smooth projective simplicial scheme over a a field of characteristic zero. There is a natural isomorphism
, by the inclusion of the complexes.
Fix a proper smooth scheme W and put a : W − → S to be the structure morphism. The torus Hom(D W , G m ) also represents the f ppf sheaf R 0 g * O * W ; a character of D W provides a nonzero function, constant (since W is proper) on each connected component of W , i.e., on each irreducible component since W is smooth. The affine group scheme C ′ represents the homology sheaf of the complex (cf. 3-21):
by the remark before, this complex may be identified with the following complex:
Thus, C ′ represents the homology sheaf of the complex (3-33). Put C to be the neutral component of C ′ . Therefore, LieC = LieC ′ can be identified with the homology of the complex obtained from (3-33) on the level of Lie algebras:
Since H 0 dR (W ) = Hom(D W , G a ) for a smooth proper scheme W , we get that
(3-35)
Keeping notations as in 3.2.1, we have that P ic 0 V • is an extension of the abelian scheme Q 0 by the torus C.
From the description of T dR , and the de Rham analog of the spectral sequence (1-6), we obtain the commutative diagram with exact rows
(3-36)
), we may apply 3.1.2 to V 0 and V 1 to get
(3-37) where we used exactness of the functor T dR . By the five lemma, we have the desired isomorphism. The weight filtrations coincide because it is defined by the exact sequence e.g. W −2 (T dR (M 1 (V • ))) := LieC. The Hodge filtrations on the middle terms coincide because their F 0 is isomorphic to the F 0 of the terms on their right e.g F 0 (T dR (M 1 (V • ))) ∼ = F 0 (T dR (Q 0 )). It is clear that the vertical arrow on the right is compatible with the Hodge filtration.
The Picard 1-motive.
where the smooth simplicial scheme X • is the open complement of a reduced simplicial divisor with normal crossings E • in a smooth projective simplicial scheme X ′ • such that, via α, X • is a proper hypercovering of Y . Let R n be the large group scheme Z E n . Put R" n := Ker(R n − → D P ic X n ). We define
it is a homomorphism. Let R ′ h ′ − → P ic X ′ • be the corresponding homomorphism of group schemes. Composing with the natural morphism P ic X ′ • − → N S(X ′ • ) := π 0 (P ic X ′ • ), one gets a homomorphism
whose kernel is denoted R. Recall from 3.2.2 that P ic 0,red
The motivic H 1 of X • is the 1-motive:
(3-45)
we also refer to it as the Picard 1-motive of X • .
From the construction, it would appear that the Picard 1-motive is contravariant only for morphisms of special simplicial schemes compatible with compactifications. We shall see that the Picard 1-motive is contravariant functor for any morphism of special simplicial schemes.
Let us first look at theétale realization of the Picard 1-motive..
Put P ic(X ′ • ) := P ic X ′ • (S) and P ic 0 (X ′ • ) := P ic 0,red X ′ • (S) . Arguingà la Deligne (10.3.6 in [D III], p. 70.) as we did earlier in the case of special schemes (2.4.1), we get
(1) an exact sequence of complexes and a quasi-isomorphism
(3-47)
(2) for any positive integer n prime to p, a g-equivariant isomorphism
If the group coker(h ′′ )(S) is torsion-free then, as in (loc.cit), we get a g-equivariant isomorphism
In any case, this isomorphism is true for any n is coprime to the order of the finite group (coker(h ′′ )(S)) tor . Take τ h ′′ to be the subgroup scheme of Coker(h ′′ ) corresponding to the finite g-module (Coker(h ′′ )(S)) tor . We may assume it to be reduced, as we are only interested in prime-to-p torsion.
Using the natural inclusion of complexes [0− > τ h ′′ ] ֒→ [0− > coker(h ′′ )], and the quasi-isomorphism in (3-47), we can pull back the exact sequence to get what we shall call the Picard τ -motive M τ (X • ) of X • . Viewed as a complex of group schemes, it is an extension of the complex [0− > τ h ′′ ] by the Picard 1-motive of X • (also thought of as a complex). We write [M τ (X • )(S)] to denote the complex of g-modules obtained by taking the geometric points of M τ (X • ).
Theorem 3.3.2 Let X • be a special simplicial scheme, as above. There is a natural isomorphism
Variant 3.3.3 (étale realization) Let X • be a smooth simplicial scheme as above. Let ℓ be any prime different from p.
(1) There is a natural isomorphism
of g-modules.
(2) If X • α − → Y is a proper hypercovering, as above, of a reduced scheme Y , then we have an isomorphism
One has an isomorphism of g-modules
Proposition 3.3.4 (De Rham realization) (i) Let X • be a special simplicial scheme, as above. Assume that the characteristic of k is zero. There is a functorial isomorphism
Proof. It is simply the proof of 2.4.9 with a simplicial flavour. For any nonnegative integer m, we put Ω m
(3-55) induces a map on hypercohomology
(3-56)
The De Rham cohomology group H 1 dR (X • ) is an extension:
57) where the vertical inclusion defines the weight filtration and the horizontal inclusion defines the Hodge filtration on H 1 dR (X • ). For X ′ , the theorem was proved above (3.2.7):
The exact sequence
induces an exact sequence
• is an extension of the abelian scheme Q 0 by the torus C (3.2.1). This shows Ext 1 (M 1 (X 
, G a ) * where we use h to denote the composition of h with the projection P ic 0
Let T 0 denote the torus corresponding to the kernel of the projection G 0 − → M 0 . By 4.1.3, we have Hom (R, G m 
rendering its dual to be the 1-motive [0− > G 0 ], by 2.4.1 on X 0 and X 1 . Thus
For each n, we have a commutative diagram
where the vertical maps are inclusions and the horizontal maps are isomorphisms. Combining this with the following -65) and the definition of simplicial cohomology, we find the commutative diagram
(3-66)
Let us put all of this together. We have T dR (M 1 (X • )) as the push out in the commutative diagram
(3-67)
Combining 3-66, 3-67 with the description of H 1 dR (X • ) in 3-57, we find the desired isomorphism.
Proposition 3.3.5 Let k = C. Let X • be a smooth simplicial scheme obtained as the open complement of a simplicial divisor with normal crossings E • in a smooth projective simplicial scheme X ′ • . One has a natural isomorphism
Proof. We set P := P ic 0 X ′ • ; it is a reduced scheme. The main step is the construction of a homomorphism β from H 1 (X • ; Z(1)) to the Lie algebra Lie P of P ; note that Lie P is
. For this, we closely follow Deligne ([D1 III], with minor modifications.
(3-71)
Proof. Consider the commutative diagrams
(3-73) The horizontal maps in the first diagram are isomorphisms due to (1) the exact sequence of complexes on X ′ • :
(2) the fact that the inclusion of complexes
is a quasi-isomorphism in degree less than 2. More generally, the inclusion of the truncated De Rham complex Ω <n V • in the De Rham complex of a smooth simplicial scheme V • induces a quasi-isomorphism in degree less than n.
(3) the fact that R 1 j * O X • = 0. The horizontal maps in the second diagram are isomorphisms because the morphism of complexes which define them are quasi-isomorphisms. This finishes the proof of the lemma.
can be interpreted as the group of isomorphism classes of triples (L, α L , ω L ), with L an invertible sheaf on X ′ • (thereby determining L 0 on X ′ 0 ), α L is an isomorphism δ * 0 (L 0 ) ∼ = δ * 1 (L 0 ), and ω L is an integrable connection on L, regular on X • with atmost simple poles along the divisor E • (cf. [Me] 2.5, p. 364, the article of H.Ésnault and E. Viehweg in [RSS] , 1.5, p.47), whereby, using "connections on invertible sheaves = one-forms" dictionary, one can identify ω L with an element of H 0 (X ′
). The group scheme M ♮ X • is an extension of a subgroupscheme of P ic X ′ • , containing P , by the additive group scheme representing the f ppf sheaf R 0 a * Ω 1 X ′ • (logE). Consider an element r of R(C), i.e. a divisor r 0 supported on E 0 , algebraically equivalent to zero, such that δ * 0 (r 0 ) = δ * 1 (r 0 ) (equality of divisors on X ′ 1 ). The invertible sheaf O(r 0 ) on X ′ 0 extends to an invertible sheaf O(r) on X ′ • , equipped with a canonical isomorphism α r : δ * 0 (O(r 0 )) ∼ = δ * 1 (O(r 0 )), and an integrable connection ω r on O(r), regular on X • with atmost simple poles along the divisor E • . The connection ω r or, equivalently the corresponding one-form, may be described as follows: If f i are defining equations for the divisor r 0 on any open covering U i of X ′ 0 , then ω r = dlog(f i ) = d(f i )/f i on U i . One defines a map
and ω L an integrable connection, as above, on L.
is the group of isomorphism classes of triples (L, α L , β L ), with L an O X ′ • -torsor (determining an O X ′ 0torsor L 0 ), an isomorphism α L : δ * 0 (L 0 ) ∼ = δ * 1 (L 0 ), and β L an isomorphism of the invertible sheaf exp(L) with an invertible sheaf O(r) (here r ∈ R(C)). The map Aut(L) = C − → Aut(exp(L)) = C * is surjective. This allows one to identify H 1 (X • ; Z(1)) with the group of triples (t, α t , r) for t an isomorphism class of O X ′ •torsor (determining a O X ′ 0 -torsor t 0 ) and an isomorphism α t : δ * 0 (t 0 ) ∼ = δ * 1 (t 0 ), i.e. an element of LieP ic X ′ • , and r ∈ R(C), defining a divisor concentrated on E • with exp(t) as image in P = P ic 0 X ′ • (C). In other words, we have defined an isomorphism (of groups)
(3-77)
The following lemma tells us that this is compatible with the weight filtration and the Hodge filtration.
Lemma 3.3.7 (i) One has
degenerates and converges to the Hodge filtration on (H 1 (X • ; C)).
Proof. For the first, let us check that H 1 (X • modX ′ • ; Z) is pure of weight two. This follows from the exactness of the sequence, a consequence of the commutative diagrams (3-72) (3-73),
with a step of the Tate twist Z(−1), since H 0 (E • ; Z) is pure of weight zero. The second assertion in (i) follows from examining 8. To finish the proof of the proposition, we consider the diagram -81) and observe that it is commutative. By part (ii) of the lemma, we see that the map in (3-77) is compatible with the Hodge filtration.
Proof. One has a commutative diagram and one applies 10.1.9 of [D1 III], p. 74.
Remark 3.3.9 The isomorphism deduced from 3.3.5 and 3.3.6 (ii) between the vector spaces H 1 dR (X • ) and T dR (M 1 (X • )) (= LieM ♮ (X • ) by 3.3.8) was defined in a purely algebraic manner. This furnishes an alternative proof of 3.2.7 and 3.3.4. Definition 3.3.10 With notations as above, we define the Picard 1-
This definition is a valid one: given another special simplicial scheme V • which is a proper hypercovering of Y , put M τ 2 := M τ (V • ).and M 2 := M 1 (V • ). Put M τ := M τ (X • ) and M := M 1 (X • ). We may assume that there is a morphism f of smooth simplicial schemes (over Y ) between these two hypercoverings X • and V • . We get a morphism M τ 2 f * −→ M τ . This map induces an isomorphism on applying T Z/nZ for any positive integer n coprime to p. Therefore, they are well defined up to p-power isogeny. Given any τ -motive [U c − → G], we get a 1-motive [U ′ c − → G 0 ] by taking G 0 the neutral component of G and U ′ to be the torsionfree subgroup scheme of U which maps to G 0 under c. This association is clearly functorial. Therefore, the map f * induces a map M 2 − → M which can only be a p-power isogeny. If k is of characteristic zero, then f * induces isomorphisms in the De Rham realizations as well as the Hodge realizations as Z-MHS (in any embedding of k in C) of the 1-motives M and M 2 . Therefore, atleast over a field of characteristic zero, we see that the 1-motive M 1 (Y ) is well-defined. Over a perfect field of positive characteristic, it is only defined up to p-power isogeny.
One has an immediate consequence.
Corollary 3.3.11 Let Y be a complex algebraic scheme (assumed to be reduced). There is a natural isomorphism in MH 1 pol :
Proof. Let X • be as above. The mixed Hodge structure on H * (Y ; Z) is defined by an isomorphism α * : H * (Y ; Z) ∼ − → H * (X • ; Z). The corollary follows by combining the above definition and result.
Theorem 3.3.12 (Deligne's conjecture I(H 1 (Y ))) Let Y be a reduced complex algebraic scheme. The 1-motive I (H 1 (Y ) ) admits a purely algebraic definition.
Proof. Indeed, it is the 1-motive M 1 (Y ) which has been defined in a purely algebraic manner. Proposition 3.3.13 Let U and V be algebraic schemes. One has
Proof. Clear. §4 Duality of one-motives
In this section, we prove the duality of the Albanese and the Picard 1-motives, the motivating goal of this work. The Albanese and Picard 1-motives of a curve over an algebraically closed field are shown to be the homological 1-motive h 1 (C), defined by Lichtenbaum, and the motivic H 1 m (C)(1) defined by Deligne. Combining these results, we find that h 1 (C) is dual to H 1 m (C)(1). This result, first proved by Lichtenbaum (unpublished) , led him to conjecture the existence of Albanese and Picard 1-motives (related by duality) of schemes over perfect fields.
The duality theorem.
The basic setup is as usual:
where the smooth simplicial scheme X • is the open complement of a reduced simplicial divisor with normal crossings E • in a smooth projective simplicial scheme X ′ • . We set a : X ′ • − → S to be the natural projection; we use a i : X ′ i − → S for each of the components. We recall the Albanese 1-motive
(4-2) and the Picard 1-motive of X • :
We retain the notations of 2.5 and 3.3.
Here is the main result of this section:
Theorem 4.1.1 For any special simplicial scheme X • as above, the 1-motives M 1 (X • ) and M 1 (X • ) are dual.
Proof. Let M 0 denote the maximal abelian quotient of G 0 . Proof. The semiabelian scheme G 0 is defined by the top horizontal exact sequence
(4-4) the vertical maps are surjective, taking each semiabelian scheme to its maximal abelian quotient by 2.3.8 (ii). The abelian scheme Q 0 is the (reduced) connected
The classical duality of the Albanese and Picard varieties i.e., that for any smooth projective scheme W , the abelian schemes A 0 W and P ic 0,red W are naturally dual, is compatible with morphisms. Applying this to the schemes X ′ 0 and X ′ 1 and using functoriality, we get that Q 0 and M 0 are dual. Lemma 4.1.3 The torus Hom (R, G m 
Proof. In (4-4), the torus corresponding to the kernel of j 1 (resp. j 0 ) was identified to be Hom(R" 1 , G m ) (resp. Hom(R" 0 , G m )) by 2.4.2 (a) applied to X 0 and X 1 . Therefore, by(3-43), Hom(R, G m ) can be identified with T 0 .
As in 3.2.1 and 3.2.2, we use C to denote the torus corresponding to the kernel of the canonical projection:
(4-5)
Lemma 4.1.4 There is a canonical isomorphism of tori:
Proof. 
Thus, C ′ represents the homology sheaf of the complex (4-8). We have defined N ′ 1 to be theétale group scheme representing the homology of the complex
But note D X n ∼ = D X ′ n since the complement of X • in X ′ • is a simplicial divisor. As the functor Hom(−, G m ) establishes an anti-equivalence of the category of algebraic group schemes of multiplicative type andétale group schemes, we get that C ′ ∼ = Hom(N ′ 1 , G m ). Since N 1 was defined to be the torsion-free subgroup of N ′ 1 , one has C ∼ = Hom(N 1 , G m ).
A corollary is that Hom(C, G m ) ∼ = N 1 .
Set P := P ic 0,red X ′ • . Let π : P − → Q 0 be the natural projection.
rendering its dual to be the 1-motive [0− > G 0 ], by 2.4.1 on X 0 and X 1 . 
We may also interpret α as a trivialization of the invertible sheaf δ * 0 (L)⊗(δ * 1 (L)) −1 i.e. an isomorphism δ * 0 (L)⊗(δ * 1 (L)) −1 ∼ = O X 1 × S V (also required to satisfy a cocycle condition).
There is a natural morphism of functors Ext 1 ([N 1 ∂ 1 −→ M 0 ], G m ) − → P : elements of the former are isomorphism classes of pairs (L, α) where L is an element of Q 0 = Ext 1 (M 0 , G m ) (the dual abelian scheme) and α is a trivialization of ∂ * 1 (L). The element L naturally extends to an invertible sheaf on X ′ • because L ∈ Q 0 . Since ∂ 1 is defined via the map δ 0 − δ 1 : A X 1 − → A X 0 , we see that a trivialization of ∂ * 1 (L) amounts to a trivialization of the invertible sheaf δ * 0 (L) ⊗ (δ * 1 (L)) −1 on X ′ 1 . It is clear that this morphism is actually an isomorphism of functors. The 1-motives [N 1 To prove the duality, it suffices to show that h = s. Let T be the torus Hom(R ′′ 0 , G m ). It is the kernel of the projection j * :
Similarly, L (the universal torsor for X ′ 0 ) is the total space of a T -bundle over L ′ . Fix the universal morphisms u : X 0 − → L, u ′ : X ′ 0 − → L ′ and the isomorphisms
It is a complete tautology that both the T -bundles have the following property: under the isomorphisms in (4-?). Since R ֒→ R ′′ 0 , this combined with 4.1.5, shows that π(s(r)) = π(h(r)). Let us recall the definition of the map h: A ny element r ∈ R satisfies δ * 0 (r) = δ * 1 (r) = r 1 (equality of divisors on X 1 ). Therefore, there is a canonical isomorphism α r : δ * 0 (O(r)) ∼ = δ * 1 (O(r)). corresponding to the identity in Hom X ′ 1 (O(r 1 ), O(r 1 )). The invertible sheaf δ * 0 (O(r)) ⊗ (δ * 1 (O(r))) −1 is canonically isomorphic to O X ′ 1 ; the element α r , interpreted as a trivialization of the former, corresponds to the identity section of O X ′ 1 . The map h sends r to the pair (O(r), α r ). The element s(r) corresponds to a pair (π(s(r)), β r ) where β r is a trivialization of the invertible sheaf corresponding to π(s(r)) over N 1 . As remarked, the element π(s(r)) corresponds to the invertible sheaf O(r) on X ′ 0 . Utilizing the definition of the map ∂ 1 , we see that the pull back ∂ * 1 (O(r)) is the invertible sheaf δ * 0 (O(r)) ⊗ (δ * 1 (O(r))) −1 .
Since the trivialization β r over N 1 is a pull back of the trivialization over X 0 via ∂ 1 : N 1 − → G 0 , it corresponds to the identity element of C; see 4-7, 4-8.
The universal morphisms X 0 − → L and Z 0 X 0 − → A 0 X 0 are obtained by a trivialization of the T -bundle over X 0 . Put T ′ := Ker(T − → T 0 ); it is an affine group scheme with neutral component a torus. We obtain a map from X 0 − → L − → Y where Y is a torsor for G 0 , the neutral component of the large group G corresponding to the cokernel
Similarly, one obtains a map X ′ 0 − → L ′ − → Y ′ to a torsor under M 0 , the connected component of the large group Coker(A X ′
The scheme Y is a T 0bundle over the scheme Y ′ and the map X 0 − → Y is the map defining a trivialization of this bundle. These trivializations form a torsor under H 0 (X ′ 0 ; G m ). But no matter which trivialization we choose we get the identity trivialization of the trivial torsor when we pull it back to N 1 via ∂.
Therefore, the isomorphism class of s(r) = (O(r), β r ) is the same as the class of h(r). This shows that the dual 1-motive of M :
A corollary is the contravariant functoriality of the Picard 1-motives for morphisms of special simplicial schemes using the covariant functoriality of the Albanese 1-motives. As a consequence of the duality theorem, one sees that the Albanese 1-motive of a scheme Y is well defined (in characteristic zero) and up to p-power isogeny in characteristic p. This suffices to prove a homological analog of Deligne's conjecture.
Proposition 4.1.7 Let U and W be schemes. One has
Proof. Clear (ii) For any complex algebraic scheme Y , the 1-motive corresponding to H 1 (Y )/tor ∈ MH 1 pol admits a purely algebraic description. Proof. Since duality is compatible with realizations, this follows from 4.1.1, 3.3.11 and the universal coefficient theorem. As for (ii), the 1-motive M 1 (Y ) was defined in a purely algebraic manner. By (i), it corresponds to H 1 (Y )/tor.
Curves
A curve denotes a scheme of pure dimension one. Deligne and Lichtenbaum have defined 1-motives for a curve C over an algebraically closed field. It is clear that their definitions are valid over a perfect field. For any curve C, there is the motivic H 1 of C denoted H 1 m (C)(1) defined by Deligne [D 1 III] §10.3 and the homological 1-motive h 1 (C) defined by Lichtenbaum [L1] .
Recall that the seminormalizationX of a curve X is the largest curve between the normalizationX and X which is universally homeomorphic to X. The association ofX andX with X is compatible with base change; this requires k to be perfect.
The definitions of the above 1-motives of curves do not change upon seminormalization and depend only on the reduced scheme structure. Therefore, we may assume that we deal with curves which are seminormal (i.e. they do not have cuspidal singularities) and reduced.
Theorem 4.2.1 Let C be a curve. One has (i) H 1 m (C)(1) = M 1 (C). (ii) h 1 (C) = M 1 (C). Corollary 4.2.2 (duality for curves) The 1-motives H 1 m (C)(1) and h 1 (C) are dual. Proof. The corollary follows from the theorem and the duality for the Albanese and the Picard 1-motives of C (4.1.1).
Review 4.2.3 (Jacobians of proper curves)
Let L be the (reduced) closed subscheme of a seminormal proper curve X corresponding to the singular locus of X. Take g :X − → X to be the canonical projection. Put K := L × XX ; it is a reduced closed subscheme ofX. There is a natural homomorphism g : D K − → D L with kernel D ′ . The inclusion of K inX provides a homomorphism D K − → AX , by the theory of Albanese schemes. This yields a map D ′ µ − → DX. SinceX is normal, the connected components ofX are the irreducible components ofX. Therefore, one has an isomorphism π 0 (P icX) ∼ − → π 0 (AX) = DX . Consider the exact sequence of sheaves on X:
(4-14)
The quotient sheaf V := g * O * X /O * X is supported on L. Let f : X − → S be the structure morphism. The exact sequence (4-14) furnishes an exact sequence of sheaves on S F L :
1
Since g is finite, the higher derived functors of g are zero. Thus R 1 f * (g * O * X ) = R 1 (f g) * O * X . In other words, the last sheaf in (4-15) corresponds to the Picard scheme ofX.
The sheaf R 0 f * V is the torus dual to the group D ′ . The sheaf R 0 f * (g * O * X ) is the torus dual to DX. The map ν between these two sheaves in (4-15) corresponds to the pullback of functions by the natural inclusion of K ֒→X. Therefore ν is dual to the map D ′ µ − → DX mentioned above. The torus T is the cokernel of ν. Put D := Ker(D ′ µ − → DX). The torus T is dual to the group scheme D.
An immediate corollary of (4-15) is that the Picard scheme of X also represents the functor which assigns, to a S-scheme Z, the group of isomorphism classes of pairs (L, α) where L is an invertible sheaf onX × S Z and α is a trivialization of the restriction of L to K × S Z.
Proof of 4.2.1 Let us prove (i). Denote by C ′ the unique proper curve containing C as a dense open subscheme such that the singular locus of C ′ is the same as that of C. As usual,C andC ′ denote their normalizations. We may also describe the latter as the unique smooth proper curve containingC as an open dense subscheme. Denoting by E (resp. E 0 ) the closed complement of C (respC) in C ′ (resp.C ′ ), there is a natural projection c : E 0 − → E, an isomorphism of finiteétale schemes. One has c * : Z w(E) ∼ − → Z w(E 0 ) . Consider the natural morphism α : Z w(E) − → P ic red C ′ − → π 0 (P ic red C ′ ). We recall that the special simplicial scheme ((C/C) ∆ n ) n≥0 is smooth (the (n + 1)fold fibre product (C/C) ∆ n is the disjoint sum ofC, the diagonal, and a finiteétale scheme) and that it admits ((C ′ /C ′ ) ∆ n ) n≥0 as a smooth compactification with a (smooth!) simplicial divisor, denoted E • as complement. Let us put C n := ((C)/C) ∆ n C ′ n := ((C ′ )/C ′ ) ∆ n n ≥ 0.
(4-17)
In particular, we have C 0 =C and C ′ 0 =C ′ . The natural augmentations a : C • − → C and b : C ′ • − → C ′ are proper hypercoverings of C and C ′ respectively. Proof. The map from b 0 :C ′ = C ′ 0 − → C ′ is finite and surjective. Interpreting the conditions on the elements of P ic 0,red C ′ • as descent data, we see that the map b * is injective ( [BLR] , §6); also see 4.2.3.
For the surjectivity, one may use the fact that descent data for invertible sheaves is effective for finite surjective morphisms. Alternatively, one may follow 3.2.4 and interpret the semiabelian schemes above as 1-motives, notice that their ℓ-adic realizations yield H 1 et (C ′ ; Z ℓ (1)) and therefore the map b * is an isogeny and hence surjective.
We have defined R to be the subgroup scheme of Z w(E 0 ) corresponding to the intersection of the kernels of Z w(E 0 ) − → π 0 (P ic 0,red
It is a simple consequence of the definition of C ′ • that we have a complex:
But c * is an isomorphism. Therefore, R = Ker(Z w(E 0 ) − → π 0 (P ic 0,red C ′ 0 )). Since the group of connected components of the Picard schemes of C ′ and C ′ 0 =C ′ are isomorphic ( [BLR] , Proposition 10, §9.2, p.248-9), we find c * : Ker(α) ∼ = R.
The diagram below is commutative:
with isomorphisms for vertical arrows. This finishes the proof of (i). We turn to the proof of (ii). Let F denote the singular locus of C; we take F 0 := F × CC . , Denote by V the proper seminormal curve corresponding to the modulus E 0 oñ C ′ [Se1] IV, no. 4, p. 61 and 76. There is a distinguished S-point U which is the unique singular point of V . The pullback of U under the mapC ′ − → V is E 0 . The curveC ′ is the normalization of V . We set H := P ic 0,red V . We recall the following theorem: Proof. This follows by combining -Theorem 1 in ([Se1] Chapter V, p.88) which demonstrates that H is isomorphic to the generalized Jacobian ofC ′ corresponding to the modulus E 0 and -Example 1 in [Se3] which demonstrates that the generalized Jacobian ofC ′ corresponding to the modulus E 0 is none other than A 0 C . Notice that F and E (and so are E 0 and F 0 ) are disjoint.
Put D ′ := Ker(D F 0 − → D F ); there is a natural map D ′ b − → AC induced by the inclusion of F 0 inC. We set D := Ker(D ′ b − → A tildeC − → DC, the last being the group of connected (= irreducible) components ofC. The group D(S) is generated by differences (x − y) ∈ D F 0 (S) such that b 0 (x) = b 0 (y) ∈ F (S) and x, y are in the same geometrically connected component ofC.
Using this above theorem, the homological 1-motive of C may be defined as follows:
Definition 4.2.7 (Lichtenbaum) The homological 1-motive h 1 (C) is the 1-motive
(4-21)
In the special simplicial scheme C • , we have C 0 :=C and C 1 :=C × CC . The Albanese 1-motive of C is [N 1
The definition of the Albanese 1-motive reduces, for special schemes W , to the neutral component of the Albanese scheme A W of W . Any normal curve is a special scheme. It is clear from the definitions of the Albanese 1-motive and the homological 1-motive that, for any curve Y , one has W −2 (h 1 (Y )) = W −2 (M 1 (Y )) = A 0 Y . If Y is normal, one finds that h 1 (Y ) = M 1 (Y ).
Set A i := A C i . Since each C i is the disjoint union of the diagonal (isomorphic toC) and a finiteétale scheme X i (i ≥ 1), we have that A i = AC × S D X i . We have A 0 = AC . Therefore, the simplicial large group A • contains a constant simplicial large group B i := AC . The latter contributes only to H 0 of the complex corresponding to A • . We see that G 0 = A 0 C . Let us put F n to be the n + 1)-fold fibre product of F 0 over F . We have F 1 := F 0 × F F 0 and F 2 := F 0 × F F 0 × F F 0 .
The group D X 1 (S) is generated by points (x, y) ∈ F 1 (S) with x = y. By definition, the points x, y ∈C(S) satisfy b 0 (x) = b 0 (y) ∈ C(S). Set D 1 := Ker(D X 1 δ 0 −δ 1 − −−− → DC). The group D 1 (S) is generated by points (x, y) ∈ F 1 (S) which map to the same (geometrically) connected component ofC. There is a natural morphism γ from D 1 to D, which we describe on the level of the geometric points: we send (x, y) to the element x − y ∈ D(S). The morphism γ is surjective.
Let us turn to the group D X 2 (S). It is generated by elements (x, y, z) ∈ F 2 (S) with x = y, y = z, x = z. By definition, we have b 0 (x) = b 0 (y) = b 0 (z) ∈ C(S). One has a map δ : D X 2 δ 0 −δ 1 +δ 2 −−−−−−→ D 1 (x, y, z) → (y, z) − (x, z) + (x, y).
(4-22)
The composition γ.δ can be checked to be zero; in fact, Ker(γ) = Im(δ). Since the group N 1 is Coker(δ), we see that N 1 ∼ = D. It is clear that the maps from N 1 and D to A 0 C are compatible with this isomorphism. This proves (ii).
Corollary 4.2.8 (Hodge Realization) For a curve C over C, one has an isomorphism H 1 (C) ∼ = T(h 1 (C)).
(4-23)
Proof. Combine 4.2.1 (ii) and 4.1.6.
The motivic H 1 of C can also be interpreted as the motivic relative cohomology group H 1 m (C ′ − E 0 rel F 0 )(1). Likewise, one can interpret h 1 (C) as the motivic relative homology group H m 1 (C ′ − F 0 rel E 0 ). With these identifications, the duality theorem translates to a Lefschetz duality theorem H 1 m (C ′ − E 0 rel F 0 )(1) ∼ = (H m 1 (C ′ − F 0 rel E 0 )) * . The resulting duality of the Hodge realizations is a classical result.
